In this paper, we consider a class of infinite-point boundary value problems of fractional differential equations on the infinite interval [0, +∞) with a disturbance parameter. By using the method of upper and lower solutions, fixed point index theory and some fixed point theorems, the existence, multiplicity and nonexistence for the positive solution of the boundary value problem are obtained, respectively. The impact of the disturbance parameters on the existence of positive solutions is also given. Finally, some examples are presented to illustrate the wide range of potential applications of our main results.
Introduction
In this paper, we are concerned with a class of infinite-point boundary value problems of fractional differential equations on the infinite interval with a disturbance parameter λ as follows: . By using the Leggett-Williams fixed point theorem, the existence of three positive solutions for the boundary value problem on the infinite interval was obtained.
 + u(t) + q(t)f (t, u(t)) = , t ∈ (, +∞), u()
In [] , authors investigated the integral boundary value problem of fractional differential equations on infinite intervals with two disturbance parameters The purpose of this paper is to investigate the existence of positive solutions for the infinite-point boundary value problem of fractional differential equations on the half-line (.). Moreover, the impact of the disturbance parameters on the existence and nonexistence of positive solutions is established. Finally, some examples are presented to illustrate the main results.
Preliminaries
For the convenience of the readers, we present here some basic definitions and lemmas, which are used throughout this paper.
The function f :
, for all |u| ≤ r, and a.e. t ∈ R + .
Throughout this paper, we always assume that the following hypotheses hold: (H) q ∈ L  (R + ) is nonnegative and +∞  q(s)ϕ r (s) ds < +∞ for any r > ; (H) f (t, u) is monotone increasing with respect to u ∈ R + for each t ∈ R + .
Definition . (see [] ) Let p > . The Riemann-Liouville fractional integral of order p of a function u : R + → R is given by
provided the integral exists.
where n is the smallest integer greater than or equal to p, provided the right-hand side is pointwise defined on R + .
Denote
endowed with the norm u = sup t∈R + |u(t)| +t δ- , then E is a Banach space.
Definition . We say that
and satisfies (.). Moreover, if u(t) ≥ , t ∈ R + , we say that u is a positive solution of boundary value problem (.).
Lemma . Suppose h ∈ L  (R + ) and  < δ < , then the following boundary value problem
has a unique solution
where
and the characteristic function χ is defined by
where c i ∈ R, i = , , .
Since u() = , then c  =  and
By the boundary conditions, we can get
. So
On the other hand, if u satisfies (.), we can easily show that u satisfies (.) and
The proof is completed.
Lemma . Let G(t, s), G  (t, s) defined by (.) and (.) satisfy the following properties:
and
Proof By (.) and (.), the definitions of G(t, s) and G  (t, s), the results () and () can be easily obtained.
() According to the definition of G(t, s), we have
() The first inequality can be found in [] . We can easily show that min
Then P ⊂ E is a cone. Lemma . Assume (H) holds, then T : P → P is completely continuous.
< +∞, and Tu(t) is continuous with respect to t ∈ R + . So Tu ∈ E and T : P → E is well defined. Since G, f , q are nonnegative, then Tu(t) ≥ , which implies Tu ∈ P for any u ∈ P.
By the Lebesgue dominated convergence theorem,
Therefore,
Hence, Tu n -Tu →  as n → +∞, which implies that T is a continuous operator. Let B ⊂ P be a nonempty bounded closed subset. There exists a constant l B >  such that u ≤ l B for all u ∈ B, and there exists
For any u ∈ B,
So, Tu < +∞. Then T(B) is bounded and T is uniformly bounded.
(ii) For any T  > , let I = [, T  ] be a compact interval. Because
+t δ- are continuous for t ∈ I, then they are uniformly continuous. So, for any ε > , there exists a constant  < δ  < ε such that
Similarly, we can get
Hence, T(B) is equiconvergent at infinity. Consequently, in view of Lemma ., T(B)
is relatively compact, thus T is a compact operator. So T is completely continuous and the proof is finished.
Lemma . If boundary value problem (.) has a positive solution u, then for t
Proof By Lemma ., we have
The proof is finished.
By Lemma ., we can easily show that the following lemma holds.
boundary value problem (.) has a positive solution if and only if the operator T has a fixed point in P.
Lemma . (see [] ) Let P be a cone of the Banach space E, ⊂ E be a bounded open set and θ ∈ . Suppose T : P ∩ → P is a completely continuous operator. If u = μTu for any u ∈ P ∩ ∂ and μ ∈ [, ], then i(T, P ∩ , P) = .
Comparison principle
is an upper solution of boundary value prob-
According to Lemma ., we know that the boundary value problem
From Lemma ., we can obtain that u(t) ≥  for t ∈ R + . 
Proof Let
Since f is an L  -Carathéodory function, then F is an L  -Carathéodory function, too.
By Lemma ., the boundary value problem
is equivalent to the integral equation
Define the operator Q : P → P by
For any u ∈ P and t ∈ R + , by (H), we can get
Obviously,  is a closed and convex set. Then, for any u ∈  ,
That is, Qu ≤ R, which implies Q :  →  . We can easily show that Q is completely continuous since its proof is similar to Lemma ..
According to the Schauder fixed point theorem, we know that Q has at least one fixed point u. By Lemma ., boundary value problem (.) has a positive solution u.
Next, we prove α(t) ≤ u(t) ≤ β(t) for t ∈ R + , and u = u(t) is a solution of boundary value problem (.).
Let v(t) = u(t) -α(t). According to (H), we get
From Lemma ., we have v(t) ≥  for t ∈ R + , which implies that u(t) ≥ α(t) for t ∈ R + .
Similarly, we can show that u(t) ≤ β(t) for t ∈ R + . 
Therefore, each solution u of boundary value problem (.) satisfies α(t) ≤ u(t) ≤ β(t) for t ∈ R + . That is, F(t, u(t)) = f (t, u(t)), and u is a positive solution of boundary value problem (.).

The properties of positive solutions
G(t, s)q(s)f s, u(s) ds + λt δ- (δ -) .
Therefore, we can obtain that for any
, t ∈ R + .
We take α = and β = u, obviously, α ≤ β. We can easily show that α is a lower solution and β is an upper solution of boundary value problem (.), respectively.
Then, according to Theorem ., we can obtain that for any  ≤ λ ≤ λ, boundary value problem (.) has a positive solution u and
() Assume that there exists a constant λ  ≥ λ such that boundary value problem (.) has a positive solution. In view of () in this theorem, for λ = λ ≤ λ  , boundary value problem (.) has a positive solution, which is a contradiction.
Theorem . Suppose (H) holds, if f  < ρ  , then there exists a constant λ * ≥  such that boundary value problem (.) with λ = λ * has at least one positive solution.
for any t ∈ R + and u ∈ (, r  ].
Set B = {u ∈ P : u ≤ r  } and  ≤ λ * ≤ ρ  r  . Then, for any u ∈ B,
So T(B) ⊂ B. According to the Schauder fixed point theorem, we can obtain that T has at least one fixed point on B. By Lemma ., boundary value problem (.) has at least one positive solution. Proof Assume that there exists a constantλ >  andλ is large enough, boundary value problem (.) with λ =λ has a positive solutionû =û(t). By f ∞ > ρ  , we know that
, k] and u ≥ r  , where constant r  >  is large enough. Takeλ > (δ -)( + k δ- )r  . By Lemma .,
According to Lemma ., we have min  k ≤t≤kû
That is, û > û + r  , which is a contradiction. Thus, there exist large enough constantŝ λ >  such that boundary value problem (.) with λ =λ has no positive solution. Proof Because I is a bounded set, then for each λ ∈ I, there exists a constant σ >  such that  ≤ λ ≤ σ .
Since
Assume that boundary value problem (.) has a solution u = u(t)
By Lemmas . and ., we have u(
which is a contradiction.
So, for all solutions of boundary value problem (.), u = u(t) satisfies that u ≤ τ . Next, we will prove that boundary value problem (.) has at least one positive solution for λ = λ * .
Since λ * = sup M, there exists a sequence {λ m } ⊂ M that satisfies λ m < λ * such that λ m → λ * as m → +∞. Let u m (t) be the solution of boundary value problem (.) with λ = λ m . In view of Lemma ., we know that boundary value problem (.) with λ = λ m is equivalent to
According to Theorem ., there exists a constant τ such that u m ≤ τ , which implies that {u m (t)} is uniformly bounded. By Lemma ., we can easily show that {u m (t)} is equicontinuous. Then we know that {u m (t)} has a convergent subsequence, we assume that {u m (t)} itself converges uniformly to u on R + , and u ∈ P. Since f is an L  -Carathéodory function, then by the Lebesgue dominated convergence theorem, as m → +∞, we have
Hence, boundary value problem (.) has a positive solution u for λ = λ * . By Theorem ., boundary value problem (.) has at least one positive solution for λ ∈ [, λ * ]. And by the definition of λ * we know that boundary value problem (.) does not have positive solutions for each λ ∈ (λ * , +∞).
Finally, we prove that boundary value problem (.) has at least two positive solutions for λ ∈ (, λ * ).
For each λ ∈ (, λ * ), there exist λ, λ ∈ M such that  < λ < λ < λ. Let u, u be the solutions of boundary value problem (.) for λ = λ, λ = λ, respectively. Then, according to Theorem ., boundary value problem (.) has a positive solution u  = u  (t) for λ = λ  , and
Let α = u and β = u. We can easily verify that α is a lower solution and β is an upper solution of boundary value problem (.), and α(t) < β(t).
Chooseλ > λ * satisfies λ < λ * <λ.
Define an integral operator
We can easily prove that K and K are completely continuous for each r ∈ [λ,λ] according to Lemma .. In view of Lemma ., u is a positive solution of boundary value problem (.) if and only if u = K(λ, u).
By Theorem ., there exists a constant τ such that the fixed point u of K satisfies u ≤ τ for each r ∈ [λ,λ]. Let Since K| = K , then by the excision property of the fixed point index, we can obtain that for each r ∈ [λ,λ],
Sinceλ > λ * , we know that boundary value problem (.) does not have positive solutions
Obviously, H is completely continuous.
We have
Therefore, u  = u  (t) is a solution of boundary value problem (.) with λ = (-μ  )λ + μ λ . Then u  ≤ τ , which is a contradiction.
By (.) and the homotopy invariance of the fixed point index, we have
According to (.), (.) and by using the additivity property of the fixed point index, we have
Therefore, boundary value problem (.) has a solution u  ∈ P ∩ B(θ , R)\ . Because u  ∈ , we have u  = u  . Hence, boundary value problem (.) has at least two positive solutions for λ ∈ (, λ * ).
Definition . (see [, ])
Suppose that E is a Banach space, P ⊂ E is a cone. We say that γ is a nonnegative, continuous, concave functional on P if γ : P → [, +∞) is continuous, and
for all x, y ∈ P and μ ∈ [, ].
Lemma . (see [] ) Suppose that there exist constants  < a < b < d ≤ c, T : P c → P c is a completely continuous operator, γ : P → [, +∞) is a continuous concave functional, for u ∈ P c , we have γ (u) ≤ u , and the following conditions hold:
Then T has at least three fixed points u  , u  and u  satisfying 
Then boundary value problem (.) has at least three positive solutions u  , u  and u  such that
Proof Define a nonnegative, continuous, concave functional on E by
Next, we prove that the conditions of Lemma . hold.
For u ∈ P c , we have u ≤ c,
Hence,
Therefore, T : P c → P c . According to Lemma ., we have T is completely continuous. Similarly, it follows from assumption (H) that if u ∈ P a , we have Tu ≤ a. Condition (C) of Lemma . holds.
We can show that u * ∈ P and u * = b+c  < c. According to the definition of γ (u), we get γ (u
On the other hand, if
Hence, for all u ∈ P(γ , b, d), we have γ (Tu) > b, which implies that condition (C) of Lemma . holds.
Finally, for u ∈ P(γ , b, c) and
, k]. According to assumption (H), we can obtain γ (Tu) > b. Condition (C) of Lemma . holds.
By Lemma ., T has at least three fixed points u  , u  , u  such that u  < a, b < γ (u  ), a < u  and γ (u  ) < b. These fixed points are positive solutions of (.).
Examples
To illustrate our main results, we present the following examples. 
